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Interacting quantum particles moving in one spatial dimension and imaginary time offer a unifying description of most 2D fluctuating systems. The trajectories of these particles represent (streched) polymers, domain walls or interfaces, steps on surfaces, magnetic flux lines, etc. Two ensembles have to be distinguished: (a) Vicinal surfaces [1] or systems at a 2D bulk critical point (e.g. Curie point, commensurate-to-incommensurate transition [2] , surface reconstruction transition [3] ) contain a finite density of such lines and are described by a massless quantum field theory which is generically isotropic and conformally invariant. (b) Systems with only a finite number of directed lines are ensembles of massive particles.
Such systems may exhibit critical behavior at delocalization transitions between a low-temperature dense phase and a high-temperature dilute phase [4] .
In the dense phase, the lines are bound to a bundle of transversal extension ξ ⊥ . Their relative fluctuations are thus constrained; correlations in longitudinal direction decay on a scale ξ . This phase is a bound state of the quantum particles.
In the dilute phase, the lines fluctuate independently; the quantum particles are in a delocalized state. As the transition temperature is approached from below, the length scales ξ and ξ ⊥ = ξ ζ diverge. These transitions are generically anisotropic; the roughness exponent ζ equals 1/2 for temperature-driven transitions. Examples are wetting phenomena, polymer desorption, the helix-coil transition in DNA, and unbinding transitions of biomembrane bundles [5] , which have gained considerable experimental interest recently [6] . Ensembles of interacting directed lines are also important as the replica formulation of polmers in random media [7] ; those in turn are intimately related to theories of nonequilibrium directed growth.
This letter aims at a systematic understanding of delocalization phenomena as renormalized continuum field theories. An exact renormalization group (RG) based on the short-distance algebra of the interaction vertices [8, 9] reveals the existence of a discrete series of universality classes that represent delocalization transitions of a finite number of interacting random walks. The possible existence of analogous massless (conformally invariant) field theories is discussed at the end.
One-dimensional quantum particles that interact only via two-body contact forces define the nonlinear Schrödinger model, which is exactly solvable by Bethe ansatz methods (see [12] for a review). This has been applied to unbinding transitions in refs. [10, 11] . In real systems, the interactions are certainly more complicated than the simple pair force of the Schrödinger model. Typically, the force between two lines is screened or enhanced by the presence of further lines. Casimirtype many-body forces (which may be screened at some scale) arise from the coupling of the lines to the surrounding medium, e.g. a correlated fluid [13] . There is also experimental evidence for attractive forces between steps on vicinal surfaces.
When such interactions are taken into account, the exact solvability is lost, and we are led to study their effect on the delocalization transition by the RG.
Short-ranged multi-particle interactions are easily shown to be irrelevant in the interactions, the phase transition can be governed by two distinct fixed points, the free Bose and the "necklace" fixed point, which are discussed in detail below.
We stress that all these fixed points describe ensembles of an arbitrary number of lines; hence the critical exponents do not depend on their number. This result agrees with ref. [10] for the Bose fixed point and is presumably also consistent with the extensive numerical work of ref. [14] if the data are correctly interpreted [15] .
Consider a d-dimensional system of p massive bosons coupled via forces that decay on some microscopic scale a. In the continuum limit a → 0, the Hamiltonian reads
where
, etc. are mparticle contact potentials. It describes the universal behavior in the scaling region ξ ⊥ ≫ a. In a system with long-ranged forces, (1) is still the correct continuum limit if these forces are irrelevant in the RG, i.e. decay with a power of the distance larger than 2. It is convenient to use a description in second quantization,
which is valid for an arbitrary number of lines. The operators φ and φ † obey canonical commutation relations and
are normal-ordered m-particle vertices. With time as the basic scale, these ver-
Hence the conjugate coupling constants g m have dimensions
The vertices form the short-distance algebra [16]
However, in order to define correlation functions of these vertices, an infrared regularization is necessary. Here the range of each coordinate r i is compactified to a circle of radius L ζ ; this regularization preserves translational invariance in space and time. The scale L also serves to define the dimensionless bare couplings
in terms of the ground state energy E 0 . The renormalization consists in absorbing the singularities in the perturbation expansion for F (u 2 , u 3 , . . .) into renormalized couplings U m . These singularities are encoded in the operator algebra [8] . By virtue of (5), the beta function
Hence consider first the series
and . . . L denotes connected expectation values in the unperturbed ground state of an arbitrary particle number sector [17] . (The subsequent manipulations do not depend on the in-and out-states but only on the short-distance structure of the correlation functions.) In the series (7), a single primitive divergence
occurs at ε 2 = 0 (i.e. d = 2). Hence the beta function in minimal subtraction is [18]
This exact renormalizability is intimately related to the summability of the perturbation expansion in the nonlinear Schrödinger model [12] . Generically, (9) would make sense for ε 2 > 0, where U 2 is relevant at the Gaussian fixed point and generates a crossover to the infrared-stable fixed point U ⋆ 2 = ε 2 . As an exact one-loop equation, however, it continues to be valid for 0 > ε 2 > −1, where the ultraviolet divergences in F (u 2 ) can be absorbed in a single counterterm. U ⋆ 2 is then ultraviolet-stable. In the perturbation series for the correlation functions, singularities analogous to (8) at first order in u 2 lead to the beta functions
with (3 ≤ k ≤ m) and
For m ≥ 3, (11) does not terminate at first order. In d = 1, however, the combined contribution from higher orders turns out to vanish at the fixed point U ⋆ 2 = 1/2, so that the infrared dimensions resulting from (11) and (6),
are the exact scaling dimensions of the fermionic operators (16) below. The full beta function for U 3 now follows in a similar way from the singularities in the series F (u 2 , u 3 ) at ε 3 = 0. Again, the only primitive singularity occurs at order u 2 3 , and hence (with
The RG flow of fig. 1 is given by (9) and (13) and Φ m ∞ ∼ |g 2 | m−1 , while g 2 > 0 generates the crossover to free fermions with (14) now describing the scaling of the crossover length. A repulsive three-particle coupling g 3 > 0 is marginally irrelevant. For g 2 = 0, it leaves the particles infraredfree, but modifies the theory (e.g. the amplitudes Φ m L ) on scales smaller than
for g 2 ր0, it contributes logarithmic corrections to scaling [15] , e.g.
The marginally relevant g 3 < 0 leads to a bound state with (15) and Φ m ∞ ∼ exp((m − 1)/2g 3 ); the unbinding now takes place on the critical
and is governed by the "necklace" fixed point described below. Free Fermions (U 2 = ε 2 , U 3 = 0). This fixed point describes the limit g 2 → ∞,
, where the particles obey the Pauli exclusion principle. Hence the operators Φ m vanish identically, as follows from the asymptotic crossover scaling of their correlation functions given by (9) and (10)
Short-ranged interactions are instead described by the fermionic operators (12) and form an operator algebra of the form (5). Hence for d = 1, the bosonic Hamiltonian (2) can be written in the equivalent fermionic form
The fermionic RG equations are precisely of the form (9), (13) △ at the transition) we conclude ε △ 3 = 1 forε 3 < −1. This is confirmed by a mapping of the necklace theory onto a particular point of the critical line of wetting transitions [21, 14] . Hence
and Φ 3 ∞ (ḡ 3 ) approaches a nonuniversal finite value asḡ 3 րḡ c 3 . This implies an unusual energy balance for the necklace bound state: its kinetic energy E kin and potential energy E pot remain separately finite as the total bound state energy E kin + E pot = −1/ξ approaches 0, while at the bosonic transition E kin ≃ −E pot /2 ≃ 1/ξ .
From the foregoing RG analysis it transpires that the fixed pointŪ 
terms of the chiral components ψ + and ψ − . The lowest-dimensional scalar interaction that is local in the Fermi fields is the irrelevant normal-ordered 4-particle vertex :ψ + ψ + ψ + ψ + ψ − ψ − ψ − ψ − : = T + T − (where T + and T − denote the components of the stress tensor). This interaction is known to be integrable and to generate a crossover whose ultraviolet "necklace" fixed point is the tricritical Ising model [22] . Thus it is tempting to associate the hierarchy of multi-particle interactions with the famous series of minimal conformal field theories [23] . (that is relevant to roughening of reconstructed surfaces [24] ). In these cases, the effects of the higher interactions (e.g. T + T − ) are unknown, but since they have a self-coupling in the operator algebra, they are likely to generate similar transitions to massive strong-coupling phases. These multicritical Dirac theories would correspond to conformal field theories with central charge c > 1.
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